Abstract. We define a closure operation for ideals in a commutative ring which has all the good properties of solid closure (at least in the case of equal characteristic) but such that also every ideal in a regular ring is closed. This gives in particular a kind of tight closure theory in characteristic zero without referring to positive characteristic.
Introduction
The theory of tight closure, introduced by Hochster and Huneke ([7] , [8] , [9] , [10] , [2] ), is defined for rings containing a field of positive characteristic making use of the Frobenius endomorphism. The main applications of tight closure are to homological conjectures. For example, with this technique it is quite easy to proof that the invariant ring of an action by a linearly reductive group on a polynomial ring is Cohen-Macaulay. This rests upon three facts of tight closure: colon-capturing, persistence and the fact that every ideal in a regular ring is tightly closed.
There are several ways to extend this notion to rings containing a field of characteristic zero, by declaring that an element belongs to the tight closure if and only if this holds for almost all points with residue class field of positive characteristic, where the relevant datas have to be expressed in an algebra over a finitely generated Z-algebra. Most results from tight closure pass then from the case of positive characteristic to characteristic zero.
The theory of solid closure was introduced by Hochster in [5] in order to give a closure operation defined for every Noetherian ring without referring to positive characteristic. It coincides with tight closure if the ring contains a field of positive characteristic under some mild finiteness conditions, and it contains tight closure also in the case of a field of characteristic zero. However, a computation of Roberts in [12] showed that regular rings of dimension ≥ 3 in characteristic zero are not solidly closed. This "discouraging" result shows that solid closure "does not have the right properties in equal characteristic zero" ( [6, Introduction] ). This paper proposes another closure operation, called parasolid closure. Roughly speaking, an element h belongs to the parasolid closure of (f 1 , . . . , f n ) ⊆ R (where R is local of dimension d), if the forcing algebra A for these datas is (universally) parasolid: this means that every canonical element (given by parameters in R) coming from H We list the main properties of this closure operation (compare [9, Introduction] ). The parasolid closure is persistent and it lies inside solid closure. Every ideal in a regular ring is parasolidly closed.
If the ring contains a field, then the contraction from a finite extension belongs to the closure. This is not clear in mixed characteristic, and I have to admit that our closure operation has no effect on the homological conjectures in mixed characteristic.
Over a field of positive characteristic it coincides with solid closure and hence also with tight closure under some mild conditions. Though the definition of parasolid closure does not refer to positive characteristic, reduction mod p is anyway a useful method to prove results for parasolid closure in equal characteristic zero. The theorem of Briançon-Skoda holds for parasolid closure in equal characteristic zero and we prove this with the help of the finiteness theorem of Hochster ([2, Theorem 8.4.1]. Moreover, parasolid closure contains tight closure in characteristic zero, hence also colon capturing holds for it.
For a complete local Gorenstein ring we also define an ideal which coincides with the tight closure test ideal in positive characteristic.
The content of this paper is as follows. Section 1 gives the concept of a parasolid algebra and some characterizations in positive characteristic and in low dimensions. Section 2 gives criteria for an algebra A over a complete local Gorenstein ring R to be parasolid in terms of the module-sections Hom R (A, R) and the order ideal in R. We show that a regular complete local ring is in every parasolid algebra a direct summand.
Section 3 introduce the closure operation and establishes its basic properties. In section 4 we show that every ideal in a regular ring is closed. Rings with this property will be called pararegular. Section 5 is concerned with the relation between solid and parasolid closure and with tight closure in positive characteristic.
In section 6 we look at the intersection of the order ideals of all parasolid forcing algebras. We show that for a complete local Gorenstein ring over a field of positive characteristic this intersection is the same as the tight closure test ideal. In section 7 we give characterizations for pararegular rings in the case of a complete Gorenstein ring.
In section 8 we express the datas which say that a paraclass vanishes in terms of a finitely generated Z-algebra and equations. This gives relations between the parasolid closure in positive characteristic, in zero characteristic and in mixed characteristic. We show that the equations which define over a field a quotient singularity in dimension two yield also in mixed characteristic examples of pararegular, but non regular rings (this is a kind of reduction to the case of a field). We obtain the Theorem of Briançon-Skoda for parasolid closure in equal characteristic zero by reduction to positive characteristic using Hochster's finiteness Theorem. Furthermore we get from a result of Koh [11] a finite type criterion for universally parasolid algebras.
In section 9 we describe results how parasolid algebras and the parasolid closure behave in the fibers of a family, and derive from this as a special case that the tight closure of an ideal in characteristic zero is contained inside the parasolid closure.
parasolid algebras
Let R denote a local Noetherian ring of dimension d with maximal ideal m. Due to a theorem of Grothendieck we know that the local cohomology H Let R denote a Noetherian commutative ring and let A be an R-algebra. We say that A is parasolid if A m is parasolid over R m for every maximal ideal m ⊂ R.
We say that A is universally parasolid (even if R is not Noetherian) if for every local Noetherian ring R → R ′ the algebra A ⊗ R R ′ is a parasolid R ′ -algebra.
Remark 1.3. The condition c = 0 is imposed only for mixed characteristic, for this is not known in general. The paraclass c = 1
m (A) (we will often say that it vanishes in A) if and only if (
In the definition of universally parasolid it is enough to consider only complete local rings, since completion does not change the d-th local cohomology. In equal characteristic we have only to look at complete normal domains.
Some examples of parasolid algebras are gathered together in the following proposition. Proposition 1.4. Let R denote a commutative ring and let A denote an R-algebra. In the following situations A is universally parasolid.
(i) R is a direct summand of A.
(ii) A is faithfully flat over R.
(iii) R contains a field and R ⊆ A is a finite extension (or R → A is finite and
Proof. We may assume that R is a local Noetherian ring of dimension d and we have to show that A is parasolid.
(ii). In the flat case we know that
Since A is faithfully flat, it is also pure and again the mapping is injective.
(iii). Let x 1 , . . . , x d be parameters of R and let (x 1 , . . . , x d )A ⊆ n be a maximal ideal of A. Then x 1 , . . . , x d are parameters in A n and their paraclass does not vanish.
(iv) is clear. 
Hence it is enough to show that the paraclasses coming from R and fromR are the same up to a unit. Let x 1 , . . . , x d be parameters inR and let a be the ideal they generate. Since a is primary, it is the extended ideal of an ideal b in R. The number of minimal generators does not change, hence b is also a parameter ideal. Therefore (x 1 , . . . , x d ) = (y 1 , . . . , y d ), where y i ∈ R.
Then they define up to a unit the same paraclass. This can be proved by replacing inductively x i by y i using [1, Exercises 5.1.10-5.1.15].
Over a complete local domain a parasolid algebra is solid, and in positive characteristic these notions coincide. Lemma 1.6. Let K denote a field of positive characteristic p and let R denote a local Noetherian K-Algebra of dimension d. Let A be an R-algebra. Then the following are equivalent. 
Then A is a parasolid R-algebra, but not universally parasolid.
The following proposition characterizes parasolid R-algebras A for low dimensions (≤ 2) by H (i) A is parasolid.
In particular H 
Hence we see that q = b/y 
Order ideals
Let A denote an R-algebra. An R-linear homomorphism ϕ ∈ Hom R (A, R) induce a mapping on the cohomology H 
Proof. We define an inverse mapping. Let ψ :
The whole mapping is multiplication by an element r ∈ R, and we set ϕ ψ (a) := r. This gives an R-linear mapping ϕ ψ : A → R.
Let ϕ : A → R be given. Then
so this is multiplication by ϕ(a).
be given and let ϕ ψ as just defined. Then ( ( Suppose that (iii) holds. We have an injection 
Lemma 2.4. Let R denote a complete local Gorenstein ring of dimension d and let
A be an R-algebra. Let c ∈ H d m (R). Then the following are equivalent. (i) i(c) = 0 in H d m (A). (ii) There exists a homomorphism ϕ : A → R such that 0 = H d m (ϕ)(i(c)) ∈ H d m (R). (iii) There exists an element u ∈ U (A) such that uc = 0 in H d m (R). (iv) U (A) ⊆ Ann R c.
Proof. (i) ⇒ (ii). From Matlis duality we know that there exists
Proof. Every system of parameters is a regular sequence ([2, Theorem 2.1.2]). Consider the exact sequence 0 → R
, and the R-annihilator of these elements is the same. Hence we do induction, where the beginning is clear, since H 0 m (R) = R for R zero-dimensional and 0 = Ann R.
The property that R is a direct summand of A is in general much stronger than the property that A is parasolid. For complete regular rings however these properties coincide. From this result we will deduce in section 4 that every ideal in a regular ring is parasolidly closed.
Theorem 2.9. Let R be a complete regular local ring and let A be an R-algebra.
Then A is parasolid if and only if R is a direct summand of A.
Proof. Let m = (x 1 , . . . , x d ), where d is the dimension of R. Then the annihilator of the corresponding paraclass is exactly the maximal ideal m. If A is parasolid, then due to 2.5 we know that U (A) ⊆ m, hence U (A) = R.
parasolid closure
Let R denote a commutative ring and let f 1 , . . . , f n and h be elements in R. Then we call the R-algebra
the forcing algebra for the elements (or datas) f 1 , . . . , f n ; h. The forcing algebra A forces h ∈ (f 1 , . . . , f n )A and every R-algebra R → B such that h ∈ (f 1 , . . . , f n )B factors through A.
Definition 3.1. Let R denote a commutative ring, let f 1 , . . . , f n ∈ R and h ∈ R be elements. Let A denote the forcing algebra for these elements.
If R is local and Noetherian, then we say that h belongs parasolidly to f 1 , . . . , f n if the forcing algebra A is parasolid.
We say that h belongs universally parasolidly to (f 1 , . . . , f n ) if the forcing algebra A is universally parasolid. (
. . , g m ) and if h belongs parasolidly to f 1 , . . . , f n , then it belongs parasolidly to g 1 , . . . , g m . (iii) If h belongs parasolidly to f 1 , . . . , f n , then also rh belongs parasolidly to 
Proof. (i). Let
Since the algebra on the right is parasolid, so is the algebra on the left.
(iii). Here we use the mapping
. Let a = a 1 f 1 + . . . + a n f n . Then we use the mapping
where
The corresponding statement for universally parasolidly follows.
Definition 3.3. Let R denote a local complete Noetherian domain and let h ∈ R and f 1 , . . . , f n ∈ R be elements. We say that h belongs to the parasolid closure of f 1 , . . . , f n if there exists a chain of elements f n+1 , . . . , f m = h such that f i belongs universally parasolidly to f 1 , . . . , f n , . . . , f i−1 for i = n + 1, . . . , m.
Lemma 3.4. Let R denote a local complete Noetherian domain and let f 1 , . . . , f n be elements. The elements which belong to the parasolid closure of f 1 , . . . , f n form an ideal, which depends only on the ideal (f 1 , . . . , f n ).
Proof. Let h belong to the parasolid closure. This means that there exists a chain f 1 , . . . , f n , f n+1 , . . . , f m = h, where f i belongs universally parasolidly to f 1 , . . . , f n , . . . , f i−1 for i = n + 1, . . . , m. This is also true if we replace h by rh due to 3.2(iii). Let g be another element which belongs also to the parasolid closure, and let f 1 , . . . , f n , g 1 , . . . , g k = g be a corresponding chain. Then also
. . , g k is such a chain due to 3.2 (ii), and then due to
domain of S. This mapping factors then through a complete local domain R ′ of R, and in R ′ there exists a chain for h as in the definition 3.3 and this gives the chain in S ′ . (v) is clear, since every chain must start with an element which belongs universally parasolidly to the ideal. (vi). Let h ∈ (I ⋆ ) ⋆ and let R ′ denote a local complete domain of R.
Hence we may assume that R is a local complete domain, and the statement is clear from the definition by chains. (vii),(viii) and (ix) are clear by definition.
Remark 3.7. A natural question here is: can we through away some of the burden in the definition of parasolid closure which we needed to obtain the basic properties listed in 3.6? This refers in particular to the chains in 3.3, to localization and completion in 3.5 and to the use of all local Noetherian rings in the definition of universally parasolid. As for the last point, we will show in section 8 that for K-algebras of finite type it is enough to consider only local algebras which are essentially of finite type. (A variant with some advantages is to consider only those local rings where the extended ideal of I is primary to the maximal ideal.) Lemma 3.8. Let K be a field and let R be a Noetherian K-algebra, let f 1 , . . . , f n ∈ R and h ∈ R. Let ϕ : R → S be a finite extension such that
Proof. Due to 1.4 (iii) the finite algebra S is universally parasolid.
Remark 3.9. The statement in the last lemma is open in the case of mixed characteristic and equivalent to the monomial conjecture. If we would define a parasolid algebra by the condition that not the paraclasses c = 0 do not vanish, but only these paraclasses which stay = 0 in every finite extension, then the contraction property would also hold in mixed characteristic, but then we could not prove the regular property anymore.
Example 3.10. The parasolid closure of 0 consists of the nilpotent elements. One inclusion is clear from the definition which refers to domains. If h is not nilpotent, then there exists a R → R ′ = 0 where h becomes a unit and then the forcing algebra R ′ /(h) = 0 is not parasolid.
Example 3.11. Let C denote a local three-dimensional regular ring with maximal ideal m = (x, y, z). Let
x and y are then parameters in R, we consider the forcing algebra for x, y and z, hence
We have then the equation
Suppose that k > i (or k > j). From the last equation we can read off the containment
), hence we get x i ∈ (y, x i+1 ) and this shows that D(x, y) ⊂ Spec A is affine. Then the forcing algebra is not parasolid (not even solid) and z ∈ (x, y) ⋆ .
Suppose that k = i = j. From the equation ( * ) we see
Regular rings
Theorem 4.1. Let R be a regular local ring and let I ⊆ R be an ideal. Then
Proof. We may assume that R is complete. Let I = (f 1 , . . . , f n ) and let h ∈ R and let A denote the forcing algebra. Suppose that h belongs universally parasolidly to f 1 , . . . , f n . This means in particular that A is parasolid. Hence due to 2.9 R is a direct summand of A and then h ∈ (f 1 , . . . , f n ).
We give a second (more constructive) proof for the case that R contains a field. Again we may assume that R is complete, hence
) and we may assume that f j = ν≤r f j,ν X ν and also h = ν≤r h ν X ν . There exists a K-linear form ϕ :
) we have X σ f j = µ≤r f j,µ−σ X µ ∈ I, hence µ≤r c µ f j,µ−σ = 0 (where f j,λ = 0 if some entry of λ is negative). Furthermore X σ h = µ≤r h µ−σ X µ belongs also to I for σ > 0, hence µ≤r c µ h µ−σ = 0 for σ > 0, while µ c µ h µ = 1. We consider
where a ν ∈ K[T 1 , . . . , T n ] is the coefficient for X ν . Then for ν ≤ r we may write
Since µ≤r c µ f j,µ−(r−ν) = 0 for ν ≤ r and µ c µ h µ−(r−ν) = 0 for ν < r and µ c µ h µ = 1 for ν = r we see that a ν = 0 for ν < r and a r = 1. Hence we get
), which shows that the paraclass for X 1 , . . . , X d vanishes in the forcing algebra.
As usual in a tight closure type theory, we make the following definition. The Theorem tells us that regular local rings are pararegular. This is also true for regular rings in general, since a locally pararegular ring is pararegular (the convers is not clear). In connection with persistence we get the following two corollaries.
Corollary 4.3. Let R be a Noetherian ring which is a pure subring (e. g. a direct summand) of a (para)regular ring S. Then R is pararegular.
Proof. Let I ⊆ R denote an ideal, and let h ∈ I ⋆ . Then also h ∈ (IS) ⋆ = IS, but R ∩ IS = I. Proof. Let h ∈ I ⋆ and let R → S be a regular local ring. Then h ∈ (IS) ⋆ = IS, so by definition it lies inside the regular closure.
Of course one hopes that pararegular rings are reduced, normal and CohenMacaulay, but we can prove only partial results. The Cohen-Macaulayness of parasolid rings follows in equal characteristic from the comparision with tight closure, see section 9. 
Proof. Let h ∈ (f )
⋆ . This is then true in all discrete valuation domains B of R and hence h ∈ f B, so h/f ∈ B. Then h/f lies in the intersection of all valuation domains and hence in the normalization.
If h/f ∈R, then consider the inclusion R ⊆ R[h/f ] ⊆R and we find h ∈ (f ) in the finite extension R[h/f ], which is universally parasolid if R contains a field.
Proposition 4.6. Let R denote a Noetherian ring and suppose that R is pararegular. Then the following holds. (i) R is reduced. (ii) If R is a domain and contains a field, then it is normal.
Proof. This follows from 3.10 and 4.5. 
and B factors through the forcing algebra A for this equation. This gives on S the forcing algebra with equation
. We know that H 2 m (A ⊗ R S) = 0 due to 4.1 and 1.9 and hence this is also true for H 2 m (A), since A ⊂ A ⊗ R S is a direct summand.
solid closure and parasolid closure
We recall the definition of solid closure. Let R denote a Noetherian ring and let (f 1 , . . . , f n ) = I ⊆ R be an ideal, h ∈ R. Then h ∈ I sc if and only if the forcing algebra A onR m /q is solid, where m runs through the maximal ideals of R and q is a minimal prime in the completionR m .
Proposition 5.1. Let R be a Noetherian ring and let I ⊆ R be an ideal. Then
Proof. We may assume that R is a local complete domain. It is enough to show that an element h which belongs universally parasolidly to I belongs to the solid closure of I. The forcing algebra A for I, h is then universally parasolid and so in particular solid. 
This algebra is not parasolid, since the paraclass 1/XY Z does vanish in H 3 m (A), and
. On the other hand, the computation of Roberts in [12] shows that the class 1/X 2 Y 2 Z 2 does not vanish in H 3 m (A) and so A is a solid algebra (at least over R) and
sc . This example also shows that some paraclasses may survive, while others do not.
Order ideal and test ideal
An R-module homomorphism A = R[T 1 , . . . , T n ]/(f 1 T 1 + . . . + f n T n + h) → R is given by T ν → r ν ∈ R such that for every ν the condition f 1 r ν+e1 + . . . + f n r ν+en = r ν holds, where e i is a standard base vector. It is in general not easy to construct such a morphism. The elements r 0 of such module homomorphisms build the order ideal. We can use such order elements to compute tight closure.
Lemma 6.1. Let R be a commutative ring and let A be a forcing algebra for the elements f 1 , . . . , f n , h. Let u ∈ U (A). Then uh ∈ (f 1 , . . . , f n ).
If furthermore R contains a field of positive characteristic p, then uh
Proof. Let u = ϕ(1). We apply ϕ to the forcing equation and get
Under the Frobenius homomorphism the forcing equation becomes f
We apply again ϕ and get
If R is a domain over a field of positive characteristic, and if U (A) = 0, then an element u = 0 can be taken to show that h ∈ I * . It is not clear whether an element u such that uh q ∈ I
[q] for all q = p e does belong to the order ideal (in the complete case). The proof of [5, Theorem 8.6] seems to give only that a power of u is an order element.
The following ideal is a candidate for a test ideal for parasolid closure. Proof. This follows from 2.7. Let u ∈ U (R) and let c ∈ V such that c vanishes in the universally parasolid forcing algebra A. By definition u ∈ U (A) and then uc = 0, and this holds also in the submodule generated by such c. On the other hand, suppose that u ∈ Ann V and let i : R → A be a universally parasolid forcing algebra. Then kern i ⊆ V and u annihilates the kernel, hence u ∈ U (A). (This correspondence is true for every family of algebras A i .) 
k is zero in the forcing algebra for maps to B, and since B is universally parasolid also A is universally parasolid.
Pararegular rings
For a complete local Gorenstein ring there are a lot of different characterizations to be pararegular. k , which is then also universally parasolid. This means that s(
) in R and hence c = 0. For the converse suppose that s belongs universally parasolidly to (x 1 , . . . , x d ). Then c = s/x 1 · · · x d is zero in the universally parasolid forcing Algebra, hence c ∈ V = 0. Then s annihilates the paraclass 1/x 1 · · · x d and since R is Cohen-Macaulay, it follows that s ∈ (x 1 , . . . , x d ).
Suppose furthermore that R is a complete Gorenstein ring. The equivalence (iv) ⇔ (v) follows from 6.4.
(iii) ⇒ (vi). Let i : R → B be a universally parasolid algebra. Due to 2.7 it is enough to show that the cohomological mapping Example 7.4. Let C denote a local three-dimensional regular ring with maximal ideal m = (x, y, z) and consider
The elements x and y are now parameters in R. We want to show that R is pararegular. The annihilator of c = z
Hence it is enough to show that T n 1 /y n(k+1)−1 is defined on D(x, y), for then we know that (x, y) is the unit ideal in the ring of global sections Γ(D(x, y), O A ) (and D(x, y) is affine and A is not parasolid). From
, so that this function is defined.
In the preceeding example it would have been enough to consider only k = 0, as the following lemma shows. Proof. We may assume that R is complete. Due to 7.1 it is enough to show that if c = 0 in an R-algebra B, then B is not universally parasolid, and for that it is enough to show that D(x, y) ⊆ Spec B is affine. If c = 0 holds in B then this algebra factors through a forcing algebra for elements x i+1 , y j+1 ; sx i y j for some i, j ≥ 0. We have a ring homomorphism
given by 
Expressing datas over Z
Suppose that a certain R-algebra is not parasolid. Then we can express this fact by finitely many equations over Z and from this we get a lot of other rings R ′ where the corresponding algebra is also not parasolid. This gives in particular relations between the situation in positive characteristic, zero characteristic and mixed characteristic. The following lemma is the most general version of this observation. 
Moreover, for every local Noetherian S-algebra R ′ such that X 1 , . . . , X d become parameters with non-vanishing paraclass, the algebra B ⊗ D R ′ is not parasolid.
) or that we have an equation
. Let y j ∈ R be all the coefficients of G i and H j together. Now take the finitely generated D-subalgebra S : 
′ is a mapping to a local Noetherian ring where the images of the X i are parameters with non-vanishing paraclass, then this class vanishes in B ⊗ D R ′ , showing that this algebra is not parasolid. D = Z[F 1 , . . . , F n , H] and let B = D[T 1 , . . . , T n ]/(F 1 T 1 + . . . + F n T n + H) be the universal forcing algebra. Let R be a local Noetherian ring and let f 1 , . . . , f n , h ∈ R be elements so that R is a D-algebra via F i → f i , H → h. Suppose that the forcing algebra B ⊗ D R over R is not parasolid and that the paraclass to the parameters x 1 , . . . , x d ∈ R is = 0, but vanishes in the forcing algebra. Then there exists a finitely generated Z-subalgebra S ⊆ R,
Corollary 8.2. Let
Proof. This follows from 8.1.
Remark 8.3. The previous lemma leads to the following finitely generated Z-
where the relations (the generators of a = a k ) have to be choosen in such a way that they yield the equation
in the forcing algebra for F i , H over S. This gives the relations (looking at the coefficients of each monomial
where |ν| ≤ m, e i is the i-th unit vector and C ν−ej = 0 for ν j = 0.
Corollary 8.2 may be applied to show that if some rings containing a field are pararegular, then also the corresponding rings in mixed characteristic are pararegular. This technique may be thought of as a kind of reduction to the field case. 
Taking into account the coefficients in C i , this equation holds also in B g , 0 = g ∈ Z, hence
is affine. If the residue characteristic of R ′ does not divide g, then we have a factorization Z g [X, Y, Z]/(G) → R ′ and D(x, y) is affine in the forcing algebra over R ′ .
Remark 8.5. The previous proposition may be applied to the equations xy + z n = 0,
These equations define over Q a quotient singularity, hence they are pararegular. Hence we know by the proposition that these equations give also in mixed characteristic pararegular rings except for finitely many characteristics. If we want to have more information about the number g ∈ Z we need to compute an explicit representation of the unit, as in example 7.4.
This can be obtained in the following way. We have an explicit quotient map
. When we pull back the forcing algebra A for x, y, z n−1 to the regular ring Q[u, v] we get a forcing algebra B over a regular ring which has an easy structure, in particular we can find functions This method works in principle also in higher dimensions, but then it is not clear that we only have to look at one forcing algebra.
Another feature of corollary 8.2 is that it allows us to apply Hochster's finiteness theorem (see [2, Theorem 8.4 .1]) to parasolid closure and so to reduce statements in characteristic zero to positive characteristic. With this method we may prove the Theorem of Briançon-Skoda in characteristic zero for parasolid closure. Proposition 8.6. Let R denote a Noetherian ring containing a field K and let
Proof. We may assume that R is local. In positive characteristic this is a standard result for tight closure (see [9, Theorem 5.7] ), so by 5.3 and 5.4 it is also true for parasolid closure. Lets assume that the characteristic of K is zero and assume that we have a counter example in the local ring R ⊇ Q, i.e. h ∈ I n+w but h ∈ (I w+1 ) ⋆ . This means in particular that the forcing algebra for f 1 , . . . , f n , h is not parasolid over R → R ′ , but since the condition on the integral closure is persistent we may assume that R = R ′ . Let x 1 , . . . , x d ∈ R be parameters in R such that their paraclass vanishes in the forcing algebra.
We have to express the relevant datas in a finitely generated Z-algebra. The condition h ∈ I n+w means that we have an equation
This means that we may write a i = ν, |ν|=i(n+w) r ν f Remark 8.7. We take a look at the situation of colon-capturing, i.e. suppose that hy t ∈ (y 1 , . . . , y t−1 ), where y 1 , . . . , y t are parameters. We would like to prove that h ∈ (y 1 , . . . , y t−1 )
⋆ . This is true again via tight closure in positive characteristic, but applying the method of the last proposition shows only that the corresponding forcing algebra is parasolid, whereas universally parasolid is not clear due to the fact that the condition in colon-capturing is not persistent. Nethertheless we will show that colon-capturing holds for parasolid closure in equal characteristic zero in the next section.
Our definition of parasolid closure refers to all local Noetherian rings in order to make it persistent. The following proposition describes an important situation where it is enough to consider only algebras essentially of finite type. Proof. Suppose that R → R ′ is a Noetherian local ring of dimension d such that A ⊗ R R ′ is not parasolid. Due to 8.1 there is a finitely generated R-subalgebra S ⊆ R ′ containing elements x 1 , . . . , x d ∈ S which are parameters in R ′ and which have the properties of the lemma.
S is also finitely generated over the field K and the superheight of (x 1 , . . . , x d ) is exactly d. We know due to a theorem of Koh [11] Proof. This follows directly from 8.8.
Generic properties
We want to show that tight closure in equal characteristic zero is contained inside the parasolid closure. For this we have to consider a relative situation over a base scheme Spec D and we have to compare the parasolid closure in the generic fiber with the parasolid closure in the special fibers. For a D-algebra S and a point µ ∈ Spec D we denote by S µ = S ⊗ D κ(µ) the ring of the fiber over µ. Later on D will be a finitely generated Z-domain (often D = Z) so that the closed points have positive characteristic while the generic point has characteristic zero. (i) The elements x 1 , . . . , x d are defined on S g and they are primary to n ⊆ S g .
(ii) For every point µ ∈ D(g) the intersection Spec S µ ∩ V (n) is non-empty and zero-dimensional, and for every closed point P ∈ Spec S µ ∩ V (n) the
During the proof the open subset D(g) gets smaller and smaller. Of course there exists 0 = g ∈ D such that x 1 , . . . , x d ∈ S g . There exists a unique prime ideal n ⊂ S such that nS η = m, n ∩ D = {0}. We have (x 1 , . . . , x d ) ⊆ n in S g and n is a minimal prime over (x i ). Let n i denote the other minimal primes over (x 1 , . . . , x d ). Since these do not survive in S η , there exist elements 0 = g i ∈ D and g i ∈ n i . Making g i to units, we may assume that (x 1 , . . . , x d ) ⊆ n is the only minimial prime. This gives (i).
The mapping V (n) → Spec D is finite in the generic point, hence it is finite over an open non-empty subset, and V (n) ∩ Spec S µ is zero-dimensional and non-empty. If P is a closed point in this intersection, then the x i generate up to radical the maximal ideal m P in (S µ ) P . Since the dimension of every component of the fiber Spec S µ is d, the height of P in the fiber is d, hence the x i are parameters.
The construction of B is clear. Proof. Suppose that B η is not parasolid in the generic point. This means that there exists a maximal ideal m ⊆ S η = R and parameters x 1 , . . . , x d ∈ R m such that their paraclass vanish in (B η ) m . We find 0 = s ∈ S, s ∈ m such that x 1 , . . . , x d ∈ S s =: S ′ . We may then work with S ′ instead of S. Due to 9.1 the x i are parameters in the closed points of the fibers over an open non-empty subset and their paraclass vanishes in B µ , hence B µ is not parasolid over S µ for an open non-empty subset, yielding a contradiction.
We obtain an even stronger result if the special points have positive characteristic. Proof. First note that the residue class fields of the closed points in Spec D have positive characteristic. If for a closed point µ the S µ -algebra B µ is parasolid, then it is also universally parasolid due to the assumptions on the fibers and 1.7 and 1.5. We have to show that A = B η is universally parasolid over R = S η and due to 8.8 it is enough to show that A ′ is parasolid over R ′ , where R ′ is of finite type over R. There exists also an S-algebra S ′ of finite type such that R ′ = S ′ η . Then the S ′ -algebra B ′ = B ⊗ S S ′ is again parasolid over a dense subset of Spec D and then also the generic algebra is parasolid.
We apply these results to forcing algebras and to the parasolid closure of an ideal. Proof. The first statement follows from 9.3, so consider (ii). Since h ∈ I ⋆ , the forcing algebra B η is not universally parasolid, hence we know due to 8.9 that there exists a ring homomorphism R → R ′ of finite type to a domain R ′ and a maximal ideal m ′ ⊆ R ′ such that A ′ is not parasolid over R There are different ways to define tight closure in equal characteristic zero all refering to positive characteristic. We cite the definition from [9, Appendix, definition 3.1]. Definition 9.6. Let C be a locally excellent Noetherian ring containing Q, let h ∈ C and let I = (f 1 , . . . , f n ) ⊆ C be an ideal. Then h belongs to the tight closure of I, h ∈ I * , if there exists a finitely generated Z-subalgebra S ⊆ C with h ∈ S and f 1 , . . . , f n ∈ S such that h κ ∈ I
